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sagen mit Hilfe der angegebenen Besetzungszahlen
und Diagramme nur auf allgemeine Zusammenhange
hinweisen kann. Eine quantitative Auswertung aller
Ergebnisse ist dabei nicht zu erwarten. Aber schon

7 Man vergleiche hier besonders die Analyse der Elektronen-
verteilungen nach R. S. MULLIKEN, J. Chem. Phys. 23, 1833,
1841, 2338, 2343 [1955], mit der die hier angegebene in
wesentlichen Ziigen iibereinstimmt.
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qualitative Angaben koénnen die Griinde fiir das
Zustandekommen vieler Effekte kliaren, eine Ord-
nung der Erfahrungen herbeifiihren und gewisse
Voraussagen ermoglichen.

8 Man vergleiche Arbeitsbericht Nr. 11 der Arbeitsgruppe
Quantenchemie (Max-Planck-Institut fiir Physik und Astro-
physik, Miinchen, H. PrEUSS, Zur Interpretation der Ergeb-
nisse des SCF-MO-P (LCGO) -Verfahrens, S. 54.
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The paper deals with the propagation of a finite-amplitude circularly polarized electromagnetic
plane wave through a fully ionized hot collisionless plasma, composed of Q (= 1) types of ions
and of electrons, as a strict solution of the non-relativistic self-consistent Vlasov equations within
the scope of some given applicability criterions. A constant magnetic field and a constant total
plasma stream, both parallel to the wave propagation direction, are allowed. Wave propagation and
particle motion are separately discussed. Particularly, the possible existence of an anomalous wave,
propagating with light speed through multi-component (Q > 1) plasmas with arbitrary ratios
plasmafrequency/wavefrequency, and the possible existence of multi-component plasmas with tem-
peratures, far below thermonuclear temperatures, but under electromagnetically generated fusion
conditions, are proved. The treated solution is of physical and astrophysical interest, likewise.

1. Introduction

It is a well-known fact?!, that a finite-amplitude
circularly polarized electromagnetic plane wave can
propagate through a fully ionized cold plasma, com-
posed of Q (= 1) types of ions and of electrons.

This paper is dealing with the question of a pos-
sible finite-amplitude circularly polarized electro-
magnetic plane wave propagation through a fully
ionized hot plasma, composed of Q (= 1) types of
ions and of electrons, as a strict solution of the non-
relativistic self-consistent Vlasov equations. The ans-
wer, in no way evident a priori, is a positive one,
if certain applicability criterions are fulfilled.

In Sect. 3, the basic equations are solved. In Sect.
4, the applicability criterions for the solution are
derived. Section 5 gives a discussion about the two
aspects of the considered solution: wave propaga-
tion and particle motion. Particularly, the case of
multi-component (Q>1) plasmas leads to conclu-
sions of physical interest.

Sonderdruckanforderungen an Dr. WERNER LUNOwW, New
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1 W. Linow, Plasma Physics 10, 888 [1968].

For additional research on transverse wave pro-
pagation in hot plasmas refer to 2.

2. The Basic Equations

The self-consistent Vlasov equations are given by
the following set of Vlasov, Maxwell, and moment
equations for a fully ionized plasma, composed of
Q types of ions and of electrons (the volt-amp-cm-
sec-system of units has been used).

2 w7t 2 B o 7]
t m,
frw,t) =05 (2.1)
fo(r,w, 1) =0; (2.2)

V xE= -3B/3t,
V:-D=1,

2 H. S. C. WanG and M. S. Lojko, Physics Fluids 6, 1458
[1963]. — J. J. GiBBONs and R. E. HARTLE, Physics Fluids
10, 189 [1967]. — B. ABRAHAM-SHRAUNER, Physics Fluids
11, 1162 [1968]. — H. C. HsieH, Physics Fluids 11, 1497
[1968]. — J. A. WeBer and W. A. GusTAFsON, Plasma
Physics 9, 713 [1967].

V xH=§+0D/3t; (2.3)
VB=0; (2.4)

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift fir Naturforschung

This work has been digitalized and published in 2013 by Verlag Zeitschrift

@ ® @ in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Férderung der fiir Naturforschung in cooperation with the Max Planck Society for the
BY

ND Wissenschaften e.V. digitalisiert und unter folgender Lizenz verdffentlicht: Advancement of Science under a Creative Commons Attribution-NoDerivs
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland 3.0 Germany License.
Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der
Creative Commons Lizenzbedingung ,Keine Bearbeitung*“) beabsichtigt,
um eine Nachnutzung auch im Rahmen zukiinftiger wissenschaftlicher
Nutzungsformen zu erméglichen.

On 01.01.2015 it is planned to change the License Conditions (the removal
of the Creative Commons License condition “no derivative works”). This is
to allow reuse in the area of future scientific usage.



SOLUTION OF THE SELF-CONSISTENT VLASOV-EQUATIONS

D=¢E, B=u,H, 2= (gyu)"1; (2.5)

i=—en_+e>n,Z,, (2.6)
j=—en_v_+e>n,Z,v,, q=1,2,...,0Q;

(2.7)

ng= [ f,(r,w, 1) dw; (2.8)

n_=[[[}-(r,w,?) dw; (2.9)

n,v,= [[[wf,(r,w,t) dw; (2.10)

nv_ = [[fwi_(r,w,t) dw. (2.11)

3. The Solution

3.1. First Assumption

The distribution functions f,(r, w, t) and f _ (7, w, t)
are assumed to have the general forms

15/
mg

fq(raw}t) :nq 27TKT

(3.1)
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' exp [* 2KT (w~vll(r’t))2 Js

3/y

m._
f-mw.=n_, k7| (3.2)
.exp[_ %(w_v_ (r,z))2].

Egs. (3.1) and (3.2) imply space-time dependent
drift-velocities v, and v _, constant particle densi-
ties n, and n_, and a constant thermal equilibrium
temperature T of the plasma. K is the Planck-Boltz-
mann constant.

Introducing Eq. (3.1) into Eq. (2.1) and Eq.
(3.2) into Eq. (2.2) it follows, respectively, that

3w,

(w-v,)- [ S+ w ),

(3.3)
—Z"—e(EJr (wa))] =0,
m,,

(w—v,)-Pgt—‘ﬁL(w-Vr)vf (3.4)

+~e—(E+(w><B))} =0.
m _

The thermal velocities of the particles are given by
(3.5)
For three different vectors @, b, and € it holds that

(a-b)-(axe)=(a-b)-(bxe). (3.6)

S,=w-v, and S_=w-v_.
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With Egs. (3.3) to (3.6) one obtains that

8 %vzl + (8, Vr) U+ (0 V) ¥y
_ L gy w,xB)) | =05 (37)
dv_
s_- a—+(s,-\7r)v4+(vgvr)v;
L ot :
+mL(E+(v_><B)) =0. (3.8)

According to Eq. (3.5), 8, and $_ contain the in-
dependent variable w. Egs. (3.7) and (3.8) must
be valid for arbitrary vectors 8, and $_. Therefore,
it follows that

aal;i <+ (sd'vf) v, + (vqiv') v’l

Z,e

q

(E+ (v, xB))=0, (3.9)

agt—’— +(8s_-V/nv_+(v_-\/r)v_

+r: (E+(w_xB))=0. (3.10)

With the first assumption, contained in Egs. (3.1)
and (3.2), the basic Egs. (2.1) and (2.2) can be
replaced by Eqgs. (3.9) and (3.10), respectively.
Egs. (2.8) to (2.11) are fulfilled by the distri-
bution functions Egs. (3.1) and (3.2).
Now it is sufficient to consider Egs. (3.9), (3.10),
and (2.3) to (2.7), only.

3.2. Second Assumption
The equation set Egs. (3.9), (3.10), and (2.3) to

(2.7) is assumed to have the following solution
(Cartesian coordinates)

vq(quoqu/a qu) :vq(v0=vqya qu),
v_ (vAJ,‘:v—g/,'U—z) =v_(’U0,’U_y,‘U_2),

E(EI’EyaEz) :E(O’ E}/aEz)’ (3-11)
B(BxaBy’Bz) :B(BO’By’Bz)a
Voy=vgsin &, vge= T vgcosé,
v_y=v_siné, v_,=Tv_cos&,

E,= —Ecosé&, E.= tEsiné, (3.12)

B,= ¥Bsiné, B.= —Bcos ¢,
E=k(z—ut)+p =krx—ot+qp.
Egs. (3.11) and (3.12) are representing a circu-

larly polarized electromagnetic plane wave, propa-
gating along the positive 2-direction. The upper
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signs indicate right-hand polarization, the lower
signs indicate left-hand polarization. vy, B, and all
maximum amplitudes v, , v_, E, and B are assumed
to be constant with respect to z, W, and time ¢.

The introduction of Egs. (3.11) and (3.12) into
Egs. (3.9), (3.10), and (2.3) to (2.7) leads to the
following complete set of relations, still necessary
for the determination of all properties of the con-

sidered solution.
Sirs Z,e v
e B o),
u w mg u
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3.3. Third Assumption

The thermal velocity components s,; and s_,
along the wave propagation direction may have
arbitrary values. For uniqueness it is further assum-

ed that

;14; ZoeBo _w|s S| (31g)
o mg u u

17 2B _ %l (82| (3.19)
mm._ u

in Eqgs. (3.13) and (3.14), respectively. In words,
sqz and s_, of almost all particles of each type of
particle must fulfill Egs. (3.18) and (3.19).

3.4. Résumé

Now the complete solution can be given in the
following way —

foand f_ by Egs. (3.1) and (3.2).
v,,v_, E, and B by Eqgs. (3.11) and (3.12).

The relation between B and E by Eq. (3.15).
Using Egs. (3.18) and (3.19) the relations be-

tween v, and E and between v_ and E by

1 —vp/u ”qu”E

1+M, D —vofu om_ "’ ehdll)

V=
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Cl-wfu e
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1FD—vpluwm_

(3.21)

with the definitions
D=eBy/om_ and M,=Z,m_|m,.
Using Eqgs. (3.17), (3.20), and (3.21) the disper-

sion relation by

o (i 1o
u u

1 N
et I

with the definitions

(3.22)

O=w,ln, Ny,=Z,n,/n_,

and X N,=1 [by means of Eq. (3.16)].

0.4
wy=pge2cin_[m_,

4. The Applicability Criterions

One applicability criterion for the considered
solution originates in the general theory of the Vla-
sov equations, saying that the number of particles
niot in the Debye volume L3, has to be very large
against one. In the considered case it holds that?

Ntot=n_ + 2 ng=const, (4.1)

1 62 9
= “ 2
L;_’) €0KT (n— - Z nq Zq)’ (4~)
not LH>1. (4.3)

From Egs. (4.1) to (4.3) one obtains the applica-
bility criterion

e? 1+3N,Z, e b <€ T

g K (1+2(Ny/Z,))™
Further applicability criterions are Egs. (3.18) and
(3.19). Two facts should be pointed out.

At first, the plasma temperature T is assumed to
be isotropic. There is no preference of the wave
propagation direction related to 7. In Egs. (3.18)
and (3.19) s4; and s_, could stand for all three
spatial coordinate directions.

At second, in Egs. (3.18) and (3.19) s,, and s_,
are not compared with the plasma-internal macro-
scopic particle speeds v, and v_, but, essentially,
with the immaterial phase speed u of the wave. Gen-
erally, the plasma is allowed to be hot.

(4.4)

3 D. C. MonTGOMERY and D. A. TipmMAN, Plasma Kinetic
Theory, McGraw-Hill Book Company, New York 1964.



SOLUTION OF THE SELF-CONSISTENT VLASOV-EQUATIONS

Egs. (3.18) and (3.19) do mean neither a “cold
plasma in wave propagation direction, only”’ nor a
“cold plasma, at all”.

It is convenient to replace the components s,
and s_, of the thermal velocities in Egs. (3.18) and
(3.19) by the temperature 7. With an isotropic T
the equipartitition theorem says (related to the
kinetic energy of translation along the z-axis) that

ok = ]/ Kp and V& VK—T. (4.5)

/ m, m_
The thermal velocity distributions along the three
coordinate axes can be assumed as, essentially, one
and the same. Therefore,
et el oud (B +sgy +5)

2

3 T ol (2 L2 L2
ST s5, ™67, D (52, +52y +5) .

and

In addition, the approximation will be used, that the
root-mean-squares of sy, and s_, in Eq. (4.5) re-
present the individual speeds s,z and s_, sufficient-
ly. This should be true, keeping in mind that the
solution functions Eqs. (3.1) and (3.2) correspond

to Maxwell-Boltzmann distributions. Then Eqgs.
(3.18) and (3.19) change into
VT < ]/”‘q wll+M, -, (4.6)
K u
VT < Vi”': w150 B, (4.7)
K u
respectively.

The considered solution can be applied within a
temperature range, defined by Egs. (4.4), (4.6),
(4.7) and dependent on the parameters of the
plasma-wave-system.

An additional applicability criterion is the state-
ment, that the absolute values of all material speeds
as vy, Vg, V_, Sqz , and s_, must be non-relativistic.

5. Discussion

The considered solution allows finite amplitudes
for the particle and field quantities. The only restric-
tion is, that the particle speeds have to be non-rela-
tivistic.

Egs. (3.9) and (3.10) contain non-linear terms.
The superposition principle is not valid.

Eqs. (4.6) and (4.7) are analogous to a rela-
tionship? between the phase speed of an electric

4 L. D. Lanpau, Collected Papers, Pergamon Press, Oxford
1965, p. 451.
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(longitudinal) wave and the averaged thermal elec-
tron speed, parallel to the wave propagation direc-
tion, in an electron plasma. In a sense the given
solution can be considered as a Landau-damping-
free transverse one.

In spite of its very special form, the solution
should be applicable to real plasma-wave-systems,
if all necessary conditions are fulfilled within essen-
tial regions of (astrophysical or laboratory) plas-
mas under question.

From the physical standpoint just special cases
make the given solution interesting, apart from the
fact that it solves the self-consistent Vlasov equations
strictly within the scope of the applicability crite-
rions.

The further emphasis will be on special cases. It
is useful to look on wave propagation and on par-
ticle motion separately.

5.1. The Wave Propagation

The wave propagation is governed by the dis-
persion relation Eq. (3.22).

Eq. (3.22) is a polynomial in n (or u) with the
parameters N,, M,, ©, @, and v,. For physical
solutions n must be real and non-negative.

The electromagnetic wave is a circularly polarized
plane one, propagating along the positive z-direction
with a phase speed u, given by Eq. (3.22) and with
possible values equal to and greater or smaller
than ¢. A streaming speed v, of the whole plasma
along the wave propagation direction is allowed.
u and v, are coupled by Eq. (3.22).

Assuming ©® =0 and ©+0 in Eq. (3.22), one
can approach to the special (limiting; v, non-relati-
vistic!) case n— 1 for vy—c. v, must have the
direction of u. Note that © may have arbitrary
values, to a certain extent.

Assuming © + 0 and vy =0, one can obtain n=1
(u=c) from the dispersion relation Eq. (3.22), if

1 NoM,
156 T 21+M, & -

0. (5.1)

For a two-component plasma with electrons and one
type of ion only, Eq. (5.1) has no physical solution
with respect to @, on principle. In this case Eq.
(5.1) results in (Zym_)/my=—1.2Z;, my, and m_
are positive by their very natures, however.

Eq. (5.1) is physically solvable with respect to @,
if, and only if, >1 and two (or more) M, are
different. With Q =2, N;+0, N,+0, and N, +N,
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=1 it follows, for example, that

- 1+N1M1+N-)M.)
B et iy S My
U My N My N0, )

Eq. (5.2) implies that essential quantities of both
types of ions are in the plasma.

The dispersion relation Eq. (3.22) indicates the
existence of a circularly polarized electromagnetic
plane wave, running with light speed (u = ¢) through
a hot collisionless multi-component (Q >1) plasma
of arbitrary @ in a constant magnetic field B, . This
statement might have more significance for astro-
physical than for laboratory multi-component plas-
mas of the treated kind.

In order to convey a certain idea about the wave
propagation (and the particle motion, in section
5.2), one specialized example will be sketched in
the following.

Taking the assumptions @ +0, v,=0, n=1,
Q=2, Ny+£0, Ny+0, Ny+N,=1, and Eq. (5.2)
it follows from the applicability criterions Eqs. (4.4),
(4.6), (4.7) that

ok 3 Oy gy T 69
e R eqhiima O
T ey 69)
VT < | /%7’ “N, M._leNerl ’ 50

respectively.

In Egs. (5.4) to (5.6) the fact has been used that
for all conceivable ions the M* are in orders of
magnitudes equal to or smaller than 1073. So terms,
quadratic in M; and M,, have been generally ne-
glected against terms, linear in M; and M,, and
terms, linear in M; and M,, have been generally
neglected against one, keeping in mind that Ny, N,,
M, M, are positive numbers and that ¥; and N,
have orders of magnitudes of one.

Now a further specialization will be made by
choosing D-ions for the first type of ion (index 1)
and T-ions for the second type of ion (index 2).
In addition, Ny =N,=.5 is assumed, what means
that n; =n,=.5n_. With the corresponding nume-
rical values one obtains from Egs. (5.3) to (5.6)

5 W. LUnow, Physics Letters 29 A, 214 [1969].

W. LUNOW

that (n_ in em™3, T in °K)

(4.32x1073) n”2 K T, (5.7)
VT <0.93 x 108, (5.8)

VT <1.14 % 108, (5.9)

)

VT < 3.38x 108,
respectively.
Using Egs. (5.7) to (5.10), for an electron den-
sity of n_ =10 ¢cm™3 the solution can be applied
within a temperature range of

10°°K < T <107 °K, (5.11)

keeping in mind that the root-mean-square of the
thermal electron velocity is just still non-relativistic
at 107 °K.

It should be pointed out that the temperature
range Eq. (5.11) is valid for all non-relativistic
macroscopic particle speeds. Particularly, the ma-
croscopic particle speeds can be much smaller than
the corresponding root-mean-squares of the thermal
particle velocities. This means that the plasma is hot
and that the small-amplitude macroscopic particle mo-
tion is not influenced by the high-amplitude thermal
particle motion. Section 5.2 will show that macro-
scopic ion and electron speeds of one and the same
order of magnitude are possible, in spite of the small
electron-ion-mass ratios.

Generally, the given (non-relativistic) solution is
no trivial extension of the well-known circularly
polarized electromagnetic plane wave solution?
cold plasmas. In no way it is evident a priori that
the solution in cold plasmas must automatically
hold in hot plasmas, too.

in

One main result of this section is the possible
wave propagation through plasma regions which
are otherwise cut-off regions °.

The case u=c can be considered as a weak reso-
nance one with @ = F103, where |1+ M, @ | has
an order of magnitude of one. For strong resonance
cases, | 1M, ®| or | 1F P | become much smaller
than one and the upper limit in an equation like Eq.
(5.11) is shifted downwards, normally. In weak re-

sonance cases it is sufficient® to replace Egs. (5.4)

to (5.6) by T <(m_[K) u®.
5.2. The Particle Motion

Before getting back to the specialized example of
Sect. 5.1, the general particle motion will be dis-
cussed with respect to the laboratory reference frame.
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The electromagnetic field vectors of the wave are
rotating about the wave propagation direction.

In each infinitesimal layer, perpendicular to the
wave propagation direction (z = const), the macro-
scopic motion of each particle type, caused by the
electromagnetic wave, corresponds to a parallel
translation of the particle type entirety in the layer
along a circle, also perpendicular to the wave propa-
gation direction. All particle types in each infinitesi-
mal layer have one and the same macroscopic velo-
city direction (apart from the signs) at each instant.
There are phase shifts between the parallel trans-
lations in different layers, caused by the wave phase.

The characteristic parameter for both the rotation
of the electromagnetic wave field and the parallel
translation of the particle types is the angular fre-
quency of the wave. The parallel translations have
different circle radii and different orbital speeds
along the translation circles for particle types with
different M. The electromagnetic wave generates
interpenetrating macroscopic streams of different
particle types with well-defined streaming velocities,
given by the components v,,, v,, v_,, and v_,.

There is a thermal particle exchange between the
layers, but the distribution functions Eq. (3.1) and
(3.2) are conserved in a sense that the macroscopic
velocities with the components v, , v, v_,, and
v_. are superposed on the thermal velocity distribu-
tions of the different particle types, only.

Returning now to the specialized example of
Sect. 5.1, one obtains the following. relations by
means of Egs. (3.20) and (3.21) (o in sec™ !, E in
V/em)

}'BO |>~25%10"*w (Gauss), (5.12)
v, | 22241 %102 E /o (cm/sec), (5.13)
v, |221.61 x 102 | E /o> (cm/sec), (5.14)
lv_ |24 10" E /o (cm/sec), (5.15)
Ty = 1 Uy !/(') (Cm) )
rs=|vy|/® (cm), (5.16)

r_=v_ /o (cm).

As Eqgs. (5.13) to (5.15) show, the macroscopic
particle speeds have one and the same order of
magnitude. The macroscopic electron speed is even
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smaller than the macroscopic ion speeds. In spite
of the small mass ratios between electrons and ions,
the electrons must not necessarily have a relativistic
macroscopic speed, if the macroscopic ion speeds
are almost relativistic. This point is very important.

According to Eq. (5.16), the radii of the trans-
lation circles have one and the same order of magni-
tude, too.

With appropriate numerical values for the quan-
tities @, | B, !, and |E| in Eqgs. (5.12) to (5.15),
non-relativistic macroscopic particle speeds with an
order of magnitude of 108 cm/sec are possible. Then
the relative speed between the two interpenetrating
macroscopic D-ion and T-ion streams has an order
of magnitude of 108 cm/sec, too. The latter value
corresponds to a relative kinetic energy between
these streams of about 100 keV per D-T-ion-pair.
The optimal fusion impact cross section of the re-
action T(D,n)He* 17.577 MeV has a value of about
5 barns and is located at a relative kinetic energy
between the D- and T-ion of about 100 keV . The
specialized plasma is under electromagnetically gen-
erated fusion conditions, with n_ =10 cm™3 and
with a possible temperature of 7 2> 10° °K, far be-
low the temperature of a thermonuclear D-T-plasma,
which has to be about 108 “K.

It is conceivable — whatever the probability is —,
that natural plasma regions under quasi-stationary
non-cut-off and “electromagnetic” fusion conditions
exist in the universe. They must be large against
the Debye length, the wave length, and the essential
cyclotron radii. All applicability criterions of the
considered solution have to be fulfilled. And the
term “quasi-stationary’’ could mean that the plasma
parameters change adiabatically and that the plasma
is continuously regenerated by a possible total
plasma stream with vy <c.

The generation of “electromagnetic” fusion con-
ditions in laboratory plasmas is essentially limited
by the possible values of @ (small wave lengths and
small cyclotron radii are necessary) that require
very high | E | and | By | values. This limitation is of
technical nature.

s J. Rose and M. CLARK, Plasmas and Controlled Fusion,
I

D.
M.LT. Press, M.I.T., 1961.



